Let K be the field of real or complex numbers. A characterization of * orthant-monotonicity of a norm on K n by its subdifferential is given, and applied to obtain a description of all inner product norms p 1 , p 2 on K n for which certain composite norms x −→ g(p 1 (x), p 2 (x)) on K n are * orthant-monotonic.
Introduction
Throughout the paper K represents either the field R of real numbers or the field C of complex numbers, K n is the n-dimensional K-vector space of column vectors x = (x 1 , . . . , x n ) T , and K n,n is the space of all n × n matrices with entries in K. The standard basis of K n is denoted by {e 1 , . . . , e n }. Any subspace of K n generated by a subset of the standard basis is called a coordinate subspace of K n . A coordinate subspace generated by {e k : k ∈ κ}, κ ⊆ {1, . . . , n}, is denoted by W κ , where we adopt the convention W ∅ = {0}. The space K n is endowed with the standard inner product (x, y) → y * x (y * is the conjugate transpose of y) and with the 2 -norm x → 2 (x) = (x * x) 1/2 . The Hadamard (or entrywise) product of vectors x, y ∈ K n is denoted by x • y. For each C ∈ K n,n and each nonempty index set κ ⊆ {1, . . . , n} we denote by C[κ] the principal submatrix of C that corresponds to κ. If C is a positive definite matrix, the functional p C : x −→ (x * Cx) 1/2 is an inner product norm on K n . As is well known, each norm on K n generated by an inner product is of the form p C for some positive definite matrix C ∈ K n,n .
A norm p on K n is called * orthant-monotonic if p(x) p(y) for all x, y ∈ K n such that x j = y j for all j = 1, . . . , n except for j = k, for which x k = 0, and quasimonotonic if 0 x y (componentwise order) implies p(x) p(y).
* Orthant-monotonicity implies quasimonotonicity and coincides for K = R with orthant-monotonicity introduced in [1] . A list of characterizations of * orthantmonotonic norms is contained in [2, 6] . In a recent paper [7] it is shown that * orthantmonotonic norms are very useful in the theory of overdetermined linear systems. A large class of weakly monotonic norms is given in [5] , where the monotonicity properties of some composite norms is discussed. Let g be a given quasimonotonic norm on R 2 , and let p 1 , p 2 be norms on K n . If p 1 and p 2 are * orthant-monotonic, the composite norm g(p 1 , p 2 ) is * orthantmonotonic as well. The converse fails even in case p 1 ans p 2 are inner product norms. In this paper we characterize (for certain class of norms g including all l q norms, 1 q < ∞) all inner product norms p 1 , p 2 for which the norm p = g(p 1 , p 2 ) is * orthant-monotonic. More precisely, we describe in Theorem 2 all pairs of positive definite matrices A, B ∈ K n,n for which the norm p = g(p A , p B ) is * orthantmonotonic. The proof is based on a characterization of * orthant-monotonicity of a norm by its subdifferential. The characterization is given in Theorem 1 and might be of independent interest. Our proofs are unified in the sense that the real and the complex cases are covered simultaneously. Some of them are based on techniques of mathematical analysis, so we recall some additional definitions and notations.
Let p be a norm on K n . The subdifferential of p at x ∈ K n is the set
If we adopt the standard identification of C n with R 2n (see for example [1] ), this definition of the subdifferential and its following properties can be found in [4] .
The subdifferential Np(x) is a nonempty, convex, and compact subset of
where p D is the dual norm of p, while for x = 0 we have
is closely related to the differential of p at x. Namely, Np(x) is a one-point set {v} if and only if the R-differential of p at x equals v, i.e.,
In this case we shall write Np(x) = v. The norm p is said to be R-differentiable if it has an R-differential at each nonzero x ∈ K n . If C ∈ K n,n is a positive definite matrix, p C is an R-differentiable norm with the (sub)differential Since in addition u * y = (P u) * y for each u ∈ Np(x), it follows that
Suppose that x, y ∈ K n satisfy x • y = 0. Since 0 ∈ Np(0), we can assume without loss of generality that x / = 0. Denote by W the coordinate subspace generated by x. If (c) is satisfied, there exists a u ∈ Np(x) ∩ W . Since y ∈ W ⊥ , we have u * y = 0, and (b) follows.
Corollary. Let p be a given R-differentiable norm on K n . The following three conditions are equivalent:
From now on let g = g(u, v) be a given norm on R 2 such that g is differentiable on (0, ∞) 2 with partial derivatives g u , g v strictly positive on (0, ∞) 2 . It can be seen easily that g is quasimonotonic, and that therefore for every pair of norms p 1 , p 2 on K n the function x −→ g(p 1 (x), p 2 (x)) is a norm. Furthermore, from now on let p A , p B be given inner product norms on K n defined by positive definite matrices 
Proof. Take a nonzero x ∈ K n , and observe that Np(x) equals a positive multiple of
Since g(ru, rv) = rg(u, v) for each r > 0,
hence the result follows from Corollary and (1).
Theorem 2. Suppose is injective. Then the following conditions are equivalent: (a) p = g(p A , p B ) is * orthant-monotonic; (b) A and B are either both diagonal or of the form
where E rs ∈ K n,n is an elementary matrix, and
Proof. (a) ⇒ (b):
Suppose that p is * orthant-monotonic, and put ι ≡ {j ∈ {1, . . . , n}: a ij / = 0 or b ij / = 0 for some i / = j}.
Observe that ι is a minimal subset of {1, . . . , n} satisfying Ae ∈ Ke and Be ∈ Ke for all standard basis vectors e / ∈ W ι , and that ι is empty if and only if A and B are diagonal. Assume that ι is nonempty, take an arbitrary t ∈ {τ (e k ): k ∈ ι}, and set ν ≡ {k ∈ ι: τ (e k ) = t}.
Let us prove that ν = ι. The lemma ensures that
hence ( It follows that τ (e k ) = t for each k ∈ ι, and that (t)A + B is diagonal. Take a nonempty κ ⊂ {1, . . . , n} such that ι\κ / = ∅. Suppose that τ (x 0 ) / = t for some nonzero x 0 ∈ W k . Continuity of τ and implies that there exists a neigh- This ensures that τ (e k ) = t for k = 1, . . . , n, and that ι has two elements. Using also the fact that A and B are positive definite, (b) follows easily. Suppose that g is an inner product norm on R 2 , defined by It can be shown that for a norm g that is differentiable on (0, ∞) 2 and has nonnegative partial derivatives g u , g v , the injectivity of on the interval {t > 0: g u (1, t)g v (1, t) > 0} does not imply the equivalence (i) ⇐⇒ (ii) of Theorem 2.
Let g be a given quasimonotonic norm on R m , m 2. It would be interesting to obtain a description of all inner product norms p 1 , . . . , p m on K n for which the norm p = g(p 1 , . . . , p m ) is * orthant-monotonic.
